We study some properties of a singular Landau-Ginzburg family characterized by the
Introduction
Non-critical string theories prove to be instrumental in our understanding of some of the fundamental issues in highly simplified situations (see [1] for a review and reference to the original literature). Symmetries, behaviour of the perturbation series to all orders in string coupling, nature of non-perturbative effects, etc. are questions that these 'toy' models have addressed with some success. The simplicity of these theories derive from the fact that they are conventionally thought of as strings moving in d ≤ 2 dimensions, where only the topological (quantum mechanical) degrees of freedom survive. The most interesting of these is d = 2: a free scalar field of central charge one on a circle of radius R, coupled to gravity -the so called c = 1 string. This has a propagating massless degree of freedom with momentum quantized in units of 1/R.
The topological properties of non-critical string theories are best described in a formalism that makes them manifest. This is the subject of topological gravity [2] and topological string theory, which for d < 2 is reviewed in [3] . The same story for c = 1 string is more complex. The most symmetric case of c = 1 string at the radius R = 1, (self-dual value under R → 1/R duality), variously admits description as double-scaled Penner model [4] , twisted SL(2, R) 3 /U (1) coset model [5] , topological Landau-Ginzburg model [6] [7] [8] and its geometrization as a non-compact Calabi-Yau space [9] and Kontsevich-Penner type matrix model [10] (see also [11] ). All these highlight different aspects of this theory and testify to its rich structure.
Topological string theories also arise from critical strings with N = 2 supersymmetry, and are useful in studying a class of physical operators, the chiral ring, in a simplified scenario which makes the other operators of the theory BRS-exact [12] . Many of the interesting physical quantities are tractable in this framework [13] [14] and using mirror symmetry [15] , leads to some spectacular exact results for string compactification on Calabi-Yau threefolds.
The topological theories of 'toy' non-critical and more physical critical strings turn out to be intimately related. In [16] it was shown that the 'Calabi-Yau phase' of the c = 1 string at the self-dual radius captures the universal local geometry (near the nodal point to be) of a generic Calabi-Yau threefold as it degenerates into a conifold [17] . A consequence of this is the fact that the topological free energy of the B-twisted sigma model [12] on the Calabi-Yau space has a universal singular part (as a function of the modulus related to the conifold). Furthermore, from c = 1 string theory, this is given by the genus expansion of its free energy! This in turn determines some of the couplings of the effective field theory of the type II string and provides another evidence [18] in favour of the remarkable non-perturbative duality between type II and heterotic strings [19] .
In [20] , the physical singularity of the low energy effective field theory of a string near a conifold was traced to the infra-red singularity due to the emergence of a new light (solitonic) black hole degree of freedom. This leads to the tantalizing possibility of a dynamical non-perturbative process where the topology of the compactification changes while the underlying string theory remains smooth [21] . This suggests that one should study other singularities of Calabi-Yau spaces, and as in the case of the simple conifold singularity, non-critical string theories might help us understand some of the universal properties of such degenerations.
With this motivation we will propose and study a class of topological Landau-Ginzburg theories. They are characterized by singular superpotentials. In Sec.2, we will introduce the models and argue that they describe the topological degrees of freedom associated with the c = 1 string at n times the self-dual radius. In Sec.3, we will identify the 'tachyons' in terms of the Landau-Ginzburg variables and find the selection rule for correlators, which are then computed in Secs.4 and 5. We find that while the tree-level correlators agree with the matrix model results, there is a discrepancy in the genus-1 correlation functions. We will argue that this is because the Landau-Ginzburg theory describes only the topological sector which does not include the intermediate tachyons with fractional momenta. In Sec.6, we discuss their geometry and find non-compact Calabi-Yau spaces and their singularities.
Finally, in Sec.7, we will briefly comment on their realization as singularities of compact Calabi-Yau threefolds.
The singular family of superpotentials
Let us first recall the Landau-Ginzburg model for the c = 1 string at the self-dual radius [6] [7] [8] . The singular superpotential W (X) = −µX −1 is a characteristic feature of this theory and determines the dynamics of the 'tachyon' degrees of freedom completely.
The Landau-Ginzburg theory manifestly has the topological symmetry algebra with the topological central chargeĉ = 3. This value ofĉ is critical in the sense that the free energy of such theories is naturally well-defined at all genus without any operator insertion [2] .
Remarkablyĉ is also 3 for topological models based on Calabi-Yau spaces, reflecting the fact that their (complex) dimension is 3. Given the close connection between LandauGinzburg and Calabi-Yau models [22] , it is natural to expect that the c = 1 string also has a 'Calabi-Yau phase'. Indeed one finds a non-compact analog of Calabi-Yau manifolds [9] defined by the zero locus of the (augmented) superpotential
in the non-compact weighted projective space P 4 −2,1,1,1,1 . The additional quadratic terms do not change the value of the central charge and only make up for the missing coordinates.
Nor do they affect any result obtained for the tachyon correlators using the superpotential 1/X.
The non-compact Calabi-Yau space given by the eq.(2.1) describes the universal local geometry (near the would be nodal singular point) of a generic (compact) Calabi-Yau threefold as it degenerates into a conifold [16] . This is apparent in the coordinate patch (x = 0) where we find
In the above cosmological constant µ of the c = 1 string is the complex structure modulus that tunes us to the conifold singularity at µ = 0.
The conifold locus (2.2) also has a well known interpretation in the c = 1 string theory. The string BRS cohomology of these theories has an infinite number of nonstandard physical operators of zero ghost number [23] . By virtue of being in the BRS cohomology they also have dimension zero. The product of such operators is therefore free of singularity and forms a polynomial ring, called the ground ring [24] . This ring and the associated variety govern the theory and its symmetries. Conifold (2.2) is the complexification of this ground variety [16] .
The ground ring and symmetries of c = 1 string have been studied as a function of the radius of compactification, and more generally at all points in the moduli space of the c = 1 conformal field theory [25] . At a set of special points -called the ADE pointsin the CFT moduli space, they are related to the Kleinian singularities [26] [27] . In this paper, we will only be concerned with the A n -type singularities which describe the c = 1 theory compactified on n times the self-dual radius (R = n in suitable units). For them the locus of the ground variety bears a close resemblance to eq.(2.2). However, we will see that there are some essential differences between R = 1 and R = n > 1.
Recall that the (unperturbed) ground ring describes the singular variety
We will assume that this is related to a multi-variable superpotential just as eq.(2.2) is to (2.1). Unlike the theory at the self-dual radius, the y-part is not quadratic and hence contributes to the central charge. It is easy to work out the U(1) charge assignment for the Landau-Ginzburg fields corresponding to the coordinates y's such that the superpotential has charge unity. Let q i denote the U(1) charge of the field Y i , then
The contribution to the topological central charge of these fields is thereforeĉ Y = (1 − 2q i ) = 2(n − 1)/n. The total topological central charge of the c = 1 string is independent of the radius of compactification [28] [5] and hence isĉ = 3 for all integer n. The deficit therefore has to be made up by an additional superfield X with
that contributesĉ X = (n + 2)/n to the central charge.
This brings us to a singular Landau-Ginzburg family characterized by the superpo-
generalizing the n = 1 case given in eq.(2.2)above. This is of course not the most general possible form as one can add terms of the form 
Landau-Ginzburg operators and selection rule for correlators
The standard procedure of determining the BRS invariant physical operators (chiral ring) of a topological Landau-Ginzburg theory via the Jacobian ideal does not work with a singular superpotential. For the theory with W = 1/X, all positive and negative powers of the superfield X k−1 , k ∈ Z were proposed to be the physical states [6] . These were identified to the 'tachyons' of momenta k of the c = 1 string theory. Recall that at the self-dual radius of compactification all momenta are quantized to be integer valued.
For the theory defined by the superpotential (2.6), let us consider the following physical operators
as a simple generalization of the above idea. The genus-g correlation function of N such
law holds. For the critical topological theory we are consideringĉ = 3, and the RHS of the above vanishes. Substituting for the U(1) charge q, we find the conservation law
independent of genus g, exactly as in the theory at the self-dual radius.
This suggests that the operators (3.1) are the tachyons of the c = 1 string at radius R = n. However, the allowed values of momenta at this radius are in units of 1/n. The operators T k in eq.(3.1) cannot therefore account for all the tachyons of the theory. They describe only a subset of tachyons, namely those with integer momenta. Interestingly, this subset is special in the sense that additional discrete states appear precisely at these momenta. The rest of the tachyons are in the 'twisted sector'. They do not have any discrete state associated with them [25] .
The collection of integer momentum tachyons and the associated discrete states are remnants of the higher modes of the string [1] , and form a topological sector of the c = 1 string at radius R = n. We conjecture that only these topological degrees of freedom are described by the Landau-Ginzburg theory with the superpotential (2.6).
The physical states (3.1) of course do not exhaust the admissible physical states of the Landau-Ginzburg theory. In general one can introduce operators of the form
labelled by three integers p ∈ Z, r, s > −n. The selection rule for N such states is
The operator O can therefore be thought of as carrying momentum k = p − r+s 2 . It will be interesting to investigate if these are related to the discrete states of the c = 1 string.
Residue, contact term and genus-0 correlators
The simplest correlation function to evaluate is the three-point function on the sphere.
The worldsheet has no modulus and the three-point function is simply given by the residue formula in the Landau-Ginzburg theory [30] [31]:
where in the last step we have used the momentun conservation condition (3.2).
The multivariable residue is discussed in detail in [32] . Intutively it is the coefficient of the simple 'pole' in the right variables. To this end, we notice that after imposing the momentum conservation condition Now we come to first non-trivial case, namely the four-point function on the sphere.
The contribution from the bulk of the moduli space is given by
as one would expect from a topological theory of Landau-Ginzburg matter [31] . But this is a (topological) string theory, and involves integration over the one dimensional moduli space of a sphere with four punctures. Therefore, in addition to the above, there are corrections from the boundaries of the moduli space. This happens when the location of T k 4 'collide' with the other tachyon insertions, which are fixed by the Killing symmetries of the sphere. The contribution from the boundaries can be neatly encoded by defining contact terms between tachyons [33] .
A suitable choice of contact term turns out to be
The subscript {sign q j } = {− + + + +} is the mnemonic that in the first term, after differentiating wrt x, we only keep terms with negative powers of x, and similarly the jth term is retained only if y j appears with positive power. The contact term thus defined is a generalization of that in [6] and is easily evaluated to be
The first term in the RHS above is a tachyon and is exactly the same as in the n = 1 case for which the second and third term cancel out. We will see below that only this term contributes to the tachyon correlators.
Using the contact term (4.4), the boundary contribution when T k 4 collides with, say,
The non-tachyonic terms in (4.4) have higher poles and do not contribute. Adding the bulk and boundary contributions, we get the correlation function of four tachyons on the sphere
This result agrees with the matrix model answer [34] apart from an overall normalization factor of R = n. Restricting to the kinematical configuration where k j > 0 for j ≥ 4, all genus-0 correlators agree with the matrix model result. A general proof of this can be worked out along the lines of [6] . In other kinematical configurations, the answers agree in all cases that we have checked.
Two comments are in order here. Firstly, although the genus-0 correlators are insensitive to the radius of compactification, the fact that the Landau-Ginzburg model motivated from the ground ring of c = 1 string reproduces them correctly provides a non-trivial check. Secondly, by taking the momenta k to be valued formally in Z/n, one gets the genus-0 correlators of all tachyons. However, the fields T k with fractional k do not, strictly speaking, belong to the physical states of the topological theory.
Correlation functions on the torus
We now come to the correlation functions on higher genus Riemann surfaces. Unfortunately these are difficult to compute in string theory even for the simple topological
Landau-Ginzburg models.
The situation is perhaps best understood for topological Landau-Ginzburg theory with superpotential W = 1/X [8] . Tachyons with positive momenta are primaries and those with negative momenta are to be thought of as gravitational descendants. More precisely, a tachyon with negative momentum is thought of a linear combination of different terms each of which is a product of gravitational and 'matter' degrees of freedom:
For a given Riemann surface, the conservation law uniquely picks up one of these terms so that the gravitational part σ i accounts for the dimension of the relevant moduli space. This is the 'picture changing' hypothesis for the tachyons [8] .
In the appropriate 'picture' the correlator factorizes into purely gravitational and matter contributions. The former is given by topological gravity [2] . The matter part is more complicated. But in each genus, the contribution from the bulk of the moduli space is given by the handle operator insertion prescription for topological Landau-Ginzburg matter [31] . The various boundary contributions then come from contact terms between handles. For the c = 1 string at the self-dual radius these combine to give the W ∞ constraints [8] .
As an example consider the one-point function of T −k on the torus. The moduli space is one dimensional, so the correct insertion of the tachyon is in the '1-picture'
In the above we have used σ 1 g=1 = 1/24 in topological gravity [2] and that the handle operator is ∂ 2 W/∂x 2 [31] . All 1 → N correlators on the torus, that is correlators involving one negative and N postive momentum tachyons can be obtained from (5.2) by starting with the perturbed superpotential W + t k T k , and differentiating it N times in the appropriate couplings t k 's. In this case, it turns out that (5.2) gives the complete answer and that there is no contribution from the boundary [8] .
We will assume that the above expression (with appropriate modification to take into account several variables), is true in the Landau-Ginzburg theory with superpotential (2.6).
To evaluate the correlator, we need the '1-picture' for the tachyon T −k . The proposal we make for this is the following:
The appearance of the puncture operator T 1 = (y 1 y 2 ) n−1 in the above is necessitated by the U(1) charge conservation. An analogous situation is the closely related formula
of [35] for the contact term between a gravitational descendant and the puncture operator in Landau-Ginzburg matter coupled to gravity. In the theory with W = 1/X, the puncture operator is identity and does not appear explicitly.
The proposed form of the tachyon in '1-picture' can be checked by evaluating the genus-0 four point function of three positive and one negative momentum tachyons:
where, k i ≥ 0 for all i = 1, · · · , 4. Now we will calculate the one-point function of T −k on the torus. The handle operator is given by the determinant of the matrix of the second derivatives of the superpotential [31] .
Using picture changing, we have
Substituting the explicit form of the handle operator
we find that
This answer unfortunately does not agree with the one obtained from matrix model (except for n = 1), which at R = n is
The result of the Landau-Ginzburg model is an integral multiple of that in the theory at the self-dual radius. In the case of n = 2, it is easy to check that the result is the same even with the superpotential
, which retains all terms related to the deformation of the ground ring (2.3), and this is likely to be the case for all n.
Likewise we find the torus two-point function. Start with the perturbed superpotential and differentiate (5.5) to get
Although the functions involved and their individual contribution to the residue are different from (5.5), the result, once again, is the same integral multiple of that at the self-dual radius. While the matrix model result
again disagrees with (5.9).
The hypothesis that the Landau-Ginzburg theory describes only the topological degrees of freedom of the c = 1 string at the radius R = n, could provide a resolution to the descrepancy. If so, it is not surprising that we do not obtain the expected answer in this formalism. To match with matrix model, one needs to take into account the effect of the intermediate tachyons (of fractional momenta) in the twisted sector. It is interesting that the difference shows up for the first time in loop computations where all states contribute.
Calabi-Yau phase and singularities
Landau-Ginzburg models are closely associated to Calabi-Yau spaces [22] of (complex) dimension dim C =ĉ (for integer values of the central charge). The zero locus of the superpotential defines the manifold as an hypersurface in some appropriate projective space. Witten has argued that the two descriptions can be thought of as different phases of the same theory [22] .
The Calabi-Yau phase of the c = 1 string theory at the self-dual radius [9] is particularly interesting. It describes the universal local geometry of a generic Calabi-Yau threefold as it degenerates into a simple conifold singularity [16] . A conifold is Calabi-Yau threefold with an isolated singular point of zero multiplicity [17] . Figuratively speaking, the Calabi-Yau phase of c = 1 string at the self-dual radius is an approximation to a threefold near a conifold point as the harmonic oscillator potential x 2 is to a generic potential at a simple critical point. A consequence of this approximation of local geomtery by the c = 1 string is the fact that the universal physics dominated by the formation of the singularity is described by the non-critical string theory. In particular, the singular part of the topological free energy of a B-twisted [12] sigma model based on any degenerating Calabi-Yau manifold is given by the free energy of the c = 1 string as a function of µ [16] . This has an exact expression involving the virtual Euler number of the moduli space of genus-g Riemann surfaces [36] [4][5] [8] . Geometrically this free energy is related to a certain period of the holomorphic 3-form of the manifold [17] . Physically they determine, for type II strings, some F -terms in the effective field theory [13] [14] .
Since the Calabi-Yau phase of the c = 1 string at the self-dual radius has a useful realization, it is natural to study the same for the theory at R = n defined by the superpotential (2.6). Repeating similar argument, it follows that the Calabi-Yau space is defined by the zero locus of the superpotential
Due to the weight assigments (2.4) and (2.5) of the fields, W = 0 defines a hypersurface in the weighted projective space P 4 −2,1,1,n,n . This ambient projective space is again noncompact and also has singularities characteristic of weighted projective spaces. Similary the hypersurface W = 0 is non-compact.
In the affine patch (x = 0), the Calabi-Yau manifold in question is given by the
For generic values of the parameters µ and t l the hypersurface (6.2) is non-singular.
However, it develops singularity along codimension one subspace of the parameter space (µ, t l ). These in turn intersect among themselves along higher codimension subspaces. The origin of this parameter space defines the most singular manifold (2.3).
There is an important difference in the case n > 1 compared to n = 1. The singularity here is not isolated. The hypersurface (2.3) is singular along a (complex) 1-dimensional subspace. The locus of singularity is given by
which is a pair of intersecting lines in C 2 defined by y 1 and y 2 . This is a two-sided real 2-dimensional cone with circular base. This singularity is (n − 1)-fold degenerate.
As an illustration consider the simplest case, n = 2. The moduli space of the singularity is two dimensional with coordinates µ and t 2 . The most singular case is for µ = t 2 = 0, for which the manifold is singular along y 1 y 2 = 0. For the codimension one locus t 2 = µ 2 /2, the line singularity persists, but they are along y 1 y 2 = µ in the y 1 y 2 plane, and is still one-fold degenerate. The real geometry of this is that of a hyperboloid of revolution. For t 2 = 0, but µ = 0, there is only an isolated singularity at the origin.
The locus of singularity (6.3) is also familiar from the c = 1 string. It is merely the complexification of the singularity of the ground variety [25] , which continues to remain singular under a perturbation by the cosmological operator [29] . In c = 1 string, the singular locus is identified with the fermi level of the matrix model free fermions [24] [25].
In the latter description, tachyons are thought of as small deformations (ripples) on the fermi surface [1] . In the topological description, it is only the intermediate tachyons with
fractional momenta that are localized degrees of freedom on the singular locus [25] [29] .
Notice that the multiplicity of degeneracy of the singularity equals the types of intermediate tachyons in the twisted sector (tachyons with the same fractional part of momentum). In the limit R → ∞, the singular locus becomes infinitely degenerate corresponding to the fact that the intermediate tachyons form a continuum there. The two-dimensional surface of singularity dominates the dynamics, and should perhaps be identified with the conventional target space.
The two sides of the fermi sea are connected when we identify it to the complex singularity. On the other hand, from matrix model, it has recently been suggested that both sides of the fermi sea should be taken into account for a consistent string interpretation [37] .
This brings in states that correspond to the negatively dressed ('Seiberg disallowed' [1] ) discrete states of the Liouville theory. Whereas from the ground ring of c = 1 string, these precisely give rise to the deformations considered above [29] .
Realization of the singularities in compact Calabi-Yau spaces
We will now briefly discuss the possibility of realizing the singularities described above in compact Calabi-Yau spaces. Indeed these singularities do occur in compact threefolds, and it is rather easy to find such examples. The first one we will cite is the ubiquitous quintic. Consider the hypersurface (y 1 y 2 ) 2 y 5 − (y 3 y 4 − µy 1 y 2 )y These are canonical singularities, and are therefore only a finite distance away from a generic smooth point of the moduli space [38] . The effective field theory will again reflect the singularity of the metric on the moduli space, and it will be interesting to see if these can be resolved in a way analogous to the picture of [20] .
The topological one-loop free energy that we have found for the A n singularity using the singular Landau-Ginzburg model is F 1 = − 2n−1 12 log µ. It will be interesting to check if these numbers are related to the degenerations of compact Calabi-Yau. One should remember that this may not be full answer, as it does not agree with the matrix model result. A related point is that the singular locus y 1 y 2 = µ could be part of a curve of non-zero genus and have a non-zero fundamental group, and it was found that the chiral ring analysis is not sufficient in such cases [39] .
Finally, the Landau-Ginzburg method discussed here can be extended to the case of D n , E 6 , E 7 and E 8 type singularities by appealing to the corresponding ground ring of c = 1 string theory [25] . We hope that the A n models described here and their extensions will be helpful in understanding different singularities of Calabi-Yau spaces. Note added: After completing this note, a recent preprint [40] appeared that analyzes the A n singularities in detail and relates them to the singularities of K3 × T 2 .
